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Question 1 (4 marks)

You are working on a project to analyze customer purchasing behavior in an online retail store.
You are given three customers’ purchase history represented as vectors in a three-dimensional
space, where each dimension corresponds to the number of purchases in three different product
categories: electronics, clothing, and groceries.

The purchase history vectors for three customers are:

15 6 14
VA= 7 , VB = 12 , Vo = 2
3 7 9

(a) How are the purchasing habits of customer A correlated with that of customer C?

Solution: The Pearson correlation coefficient between two vectors is calculated by:
y_ (va=A).(ve=0)
lva = Allllve = C

where A and C' are the means of vectors v4 and v, respectively.

First, we compute the means of v4 and v¢:
15+7+3 25

A=—"_""=""1~833
3 3
- 14+2+49 25
C=——7"—""7—=—=8.33
3 3
Next, we center the vectors by subtracting their means:
15 —8.33 6.67
viiy=|T7-833 | =|-133
3—-8.33 —5.33
14 — 8.33 5.67
ve=|2-833]=1[-6.33
9—-8.33 0.67

Now, we compute the dot product of the centered vectors:
(Vy,ve) = (6.67 x 5.67) 4+ (—=1.33 x —6.33) + (—5.33 x 0.67)
= 37.82 + 8.42 — 3.57 = 42.67
Next, we compute the norms of the centered vectors:
V4|l = \/6.672 + (—1.33)2 + (—5.33)2 = V/44.49 + 1.77 + 28.41 = \/74.67 ~ 8.64
VL = v/5.672 + (—6.33)2 + 0.672 = v/32.14 + 40.07 + 0.45 = v/72.66 ~ 8.52

Finally, we compute the Pearson correlation coefficient:
4267 4267
P = 864x852 7358

Thus, the Pearson correlation coefficient between the purchasing habits of Customer A and Customer
C is approximately p = 0.58, indicating a moderate positive correlation.

0.58




(b) Another task on the project requires you to form an “average” customer profile from the
purchase histories of Customers A, B and C. You are told that the combination must be
convex, and that the weight of the purchasing history of Customer A w, = 0.3. Choosing
appropriate weights wp, and w., compute the ”average” customer profile. We can have multiple
answers to this problem.

Solution: The “average” customer profile, v, can be expressed as:
Vave = Waq Vg + WpVy + WeVe.
Also note that for the combination to be convex, the following condition must hold:
Wq + wp + we =1 =, and wgy, wp, we < 1.
There are many possible different answers (infinitely many in fact). We choose our weights as
wg = 0.4 and w3 = 0.3. Then, the average customer profile is:
veve = 0.3vs 4+ 0.4vp 4+ 0.3ve

plugging in the values, we obtain:

11.1

veve = | 7.5

6.4

Question 2 (6 marks)
Suppose we have the following three vectors in R3:

1 0 2
V] = 0 , Vo = 2 , V3 = 0
2 0 -1

(a) Are these vectors mutually orthogonal to each other?

Solution: To determine if the vectors are orthogonal, we need to check if the dot product between
any pair of vectors is zero. The dot product of two vectors a and b is given by:

(a, b> = a1b1 —+ G,ng + (13b3

Let’s compute the dot products for each pair:

vy -ve = (1)(0) + (0)(2) + (2)(0) =0

vi-vy=(1)(2)+ (0)(0) +(2)(-1)=2—-2=0

vz - vy = (0)(2) + (2)(0) + (0)(=1) =0

Since the dot product between each pair of vectors is zero, the vectors vy, vo, and vg are orthogonal
to each other.

(b) Is this set of vectors linearly dependent?

Solution: To check if the set of vectors is linearly dependent, we need to determine if any vector can
be written as a linear combination of the others. Since the vectors are orthogonal, they are linearly
independent. Therefore, the set {vy,va,v3} is linearly independent.

(¢) Do these vectors span R3?

Solution: In R?, a set of three linearly independent vectors spans the entire space. Since the vectors
v1, Vo, and vy are linearly independent, they span R3.

(d) Compute the normalized version of these vectors such that each vector has a unit 2-norm.
Express the following vector as a linear combination of the normalized vectors:

5
x=15
5

Page 2 of 4 Mathematics for Al AT 501



Solution: To normalize the vectors, we divide each vector by its magnitude (2-norm). The magni-
U1
tude of a vector v = [ v | is given by:

U3
VIl = /v + v + 03
Let’s compute the magnitudes:

Ivill = V12402 +22 = VT+4=+5
[vall = V02 +22 + 02 = V4 =2
Ivsll = V22 + 02+ (-12 = VaA+1=+5

Now, normalize the vectors by dividing each by its magnitude:

1 1
o= L o) = (0
Vi = — =
! \/5 2 2
NG
0 0
1
\72 = 5 2 = ].
0 0
2
w-L(o|-(7
Vv — =]
’ \/5 -1 =1
NG
5
Next, we express the vector x = | 5 | as a linear combination of the normalized vectors v1, Vo, and
5

v3. We want to find scalars ¢y, co, and c3 such that:

X = C1V] + Vo + c3V3

Substituting the normalized vectors, we have:

1 2
VB 0 5
X =C 0 +eco | 1] +c3 0
2 0 =1
V5 V5

This gives the system of equations:

1. clﬁ—kc;),% =52.c=53. 01% —i—c;),:/—% =5

From Equation (2), we know ¢y = 5. Now, solving Equations (1) and (3):
Multiplying both equations by /5 to simplify:

c1+ 2c3 = 5\/5 (4)
2c; —c3 =5V5  (5)
From Equation (5), solve for c3:
C3 = 261 - 5\/5
Substitute into Equation (4):
¢+ 2(2¢; —5V5) = 5v5
c1 +4c; —10V5 =5V5

5¢; = 15v/5
c1=3V5

Now, substitute ¢; = 3v/5 into the expression for cs:

c3 =2(3v5) —5V5 =6vV5 - 5V/5 =5
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Thus, the solution is:

61:3\/5, 62:5, 632\/5

5
Therefore, the vector x = | 5 | can be expressed as:
5

x = 3V5vy + 55 + V5V
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