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Matrices
Definition:

Notation:

A matrix is a two dimensional (2D) vector or array of numbers.

Usually denoted by a capital letter symbol; stack the list of numbers in 2D array.

For example, consider a matrix A of 6 real numbers represented as stack of 3 2-
vectors using square or round parentheses:

Size of a matrix: Number of rows (m) times number of columns (n); 

Entry of a matrix:



Matrices

Zero Matrix: A matrix with all elements equal to zero.

Identity Matrix: A square matrix with diagonal elements equal to one and off diagonal 
elements equal to zero.

Diagonal Matrix:

Square Matrix: Tall Matrix: Wide Matrix:

Triangular Matrix:Block Matrix:



Image RGB

Quantities

An mxn-matrix A can represent the amounts or quantities of n 
different resources or products held (or produced, or required) by an 
entity such as a company at m different locations or for m different 
customers.

For example, mxn-matrix represents the quantity of n products stocked 
in m number of warehouses.

Each color represents a matrix.

Examples of Matrices - Applications 



Examples of Matrices - Applications 

Time series grouped over time

• 12x20-matrix can represent the average monthly 
temperature, rainfall, pressure etc of 20 cities of Pakistan. 

• 30x7-matrix can represent the number of expected COVID-19 
in Pakistan cases over the next 30 days for 7 states/territories.

• Other examples include exchange rate, audio, and, in fact, any 
quantity that varies over time. 



Operations on Matrices

Additivity and Scaling 



Operations on Matrices

Transpose and Concept of Symmetric Matrices



Operations on Matrices

Transpose and Concept of Symmetric Matrices



Operations on Matrices

Matrix Norm



Operations on Matrices

Trace of a Matrix
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Chapters 6 and 10



Matrix-Vector Multiplication

Example



Interpretation In terms of Rows of Matrix

Matrix-Vector Multiplication



Interpretation In terms of Columns of Matrix

Matrix-Vector Multiplication



Matrix-Vector Multiplication

Application Examples

- For example, 200x70-matrix represents the 
quantity of 70 products stocked in 200 warehouses.



Feature matrix and weight vector

Matrix-Vector Multiplication

Application Examples



Expansion in a basis

Linear dependence of columns

Matrix-Vector Multiplication

Application Examples



Matrix-Vector Multiplication

Input-Output System Interpretation

Linear Transformation Interpretation:



Matrix-Vector Multiplication

Input-Output System Interpretation

Examples



Matrix-Vector Multiplication

Input-Output System Interpretation

Examples



Matrix-Vector Multiplication

Input-Output System Interpretation

Examples 



Matrix-Matrix Multiplication



Properties:

Matrix-Matrix Multiplication



Matrix-Matrix Multiplication

Outer product of Vectors:

Gram Matrix:
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Systems of Linear Equations

Formulation:



Systems of Linear Equations

Example 01 Example 02



Inverses
Left-Inverse:

Example:



Inverses
Left-Inverse:

Left-invertibility and column independence:

Connect with independence-dimension inequality:



Inverses
Left Inverse: Connection with the Systems of Linear Equations

In summary, a left inverse can be used to determine whether or not a solution of an over-determined 
set of linear equations exists, and when it does, find the unique solution.



Inverses
Right-Inverse:

Example:

Connection with the left Inverse:



Inverses
Right-Inverse:

Right-invertibility and row independence:

Connect with independence-dimension inequality:



Inverses
Right Inverse: Connection with the Systems of Linear Equations



Inverses
Inverse:

Example:



Inverses
Inverse: Connection with the Systems of Linear Equations



Inverses
Inverse: Properties of Nonsingular or Invertible Matrix



Inverses
Inverse: Examples

Vandermonde Matrix



Inverses
Inverse: Examples

Example



Inverses
Inverse: Examples

Orthonormal Matrix



Orthogonal Matrix

Matrix with orthonormal columns

Norm

Angle

Distance

Inner product



Inverses
Pseudo Inverse: Matrix with linearly independent columns

(Left Pseudo-Inverse)

Equivalent Statements



Inverses
Pseudo Inverse: Matrix with linearly independent rows

(Right Pseudo-Inverse)

Equivalent Statements
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Triangular Matrix



Triangular Matrix
Linear Equations with Lower Triangular Matrix

Using forward substitution:



Triangular Matrix
Linear Equations with Upper Triangular Matrix

Using back substitution:



QR Factorization



QR Factorization



QR Factorization
How to compute?

Orthogonalization

Normalization



QR Factorization
How to compute?



QR Factorization
Example



QR Factorization
Example



QR Factorization
Example



QR Factorization
Example



QR Factorization
Solving Linear Equations



QR Factorization
Solving Linear Equations – Pseudo Inverse

A is left-invertible
Columns are linear independent

A is right-invertible
rows are linear independent


