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PROBLEM SET 5 - SOLUTIONS

Key Concepts and Equations (Quick Reference)

While the Fourier Series allows us to represent periodic signals as a sum of harmonically related
complex exponentials, the Fourier Transform extends this powerful concept to aperiodic signals.
By letting the period of a signal approach infinity, the discrete frequency spectrum of the Fourier
Series evolves into a continuous frequency spectrum. Before diving into the problems, please review

the following core concepts and properties. Let x(t) N e (w) and y(t) PN Y(w).
1. The CTFT Pair

e Analysis Equation (Forward Transform):

e Synthesis Equation (Inverse Transform):

1 o ,
x(t) = 27r/ X (w)e? dw

2. Symmetry Properties
For any strictly real-valued signal x(¢), its Fourier transform exhibits conjugate symmetry, meaning
X(w) = X*(—w).

e If () is real and even, X (w) is purely real and even.

o If z(t) is real and odd, X (w) is purely imaginary and odd.

3. Properties of the CTFT
These operational properties allow you to find transforms without computing complex integrals from
scratch:

e Linearity: ax(t) + by(t) PN aX(w)+bY (w)
e Time Shifting: (¢t — () PN e Wt X (w)
e Frequency Shifting: e/“olx(t) N X(w —wp)

e Time Scaling: z(at) < Lx (9)

la]
e Conjugation: x*(t) PN X*(—w)

e Duality: X(t) PN 2z (—w)

dxz(t)  F

e Differentiation in Time: =~ <— jwX(w)




Differentiation in Frequency: txz(t) < j%X(w)

Integration: [°__x(r)dr < jin(w) +7X(0)6(w)

Convolution (Time): z(t) * y(t) < X(w)Y (w)

Multiplication (Time): z(t)y(t) < 5= [X (W) * ¥ (w)]

e Parseval’s Relation: [*_|2(t)]2dt = 5= [* | X (w)[*dw

4. LTI Systems and Frequency Response

For a causal Linear Time-Invariant (LTI) system, the frequency response H(w) completely character-
izes the system’s behavior. It is defined as the ratio of the output spectrum to the input spectrum:

For systems described by Linear Constant-Coefficient Differential Equations (LCCDEs), you can find
H(w) by applying the Fourier transform to the entire differential equation, converting calculus into
algebra.

5. CTFT of Periodic Signals

Although originally derived for aperiodic signals, the CTFT can represent periodic signals using the
Dirac delta function §(w). If a periodic signal has Fourier series coefficients aj; and a fundamental
frequency wy, its Fourier transform is a train of impulses situated at harmonic frequencies:

X(w)= Z 2magd(w — kwo)

k=—o00
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Problem 1

Consider the signal z(t), which consists of a single rectangular pulse of unit height, is symmetric
about the origin, and has a total width 7.

) Sketch z(t).

) Sketch Z(t), which is a periodic repetition of z(t) with period Ty = 371/2.

¢) Compute X (w), the Fourier transform of z(¢). Sketch | X (w)| for |w| < 67/T.
) Compute ag, the Fourier series coefficients of Z(t). Sketch ay for &k = 0,41, 2, £3.
) Using your answers to (c¢) and (d), verify that, for this example, a; = T%X(w)‘w:kwo.
)

Write a statement that indicates how the Fourier series for a periodic function can be obtained
if the Fourier transform of one period of this periodic function is given.

Solution:

(a) x(t) is a rectangular pulse symmetric about origin:

0, ‘t| > T1/2
a(t)
I I t
R 5 on
(b) Z(t) is the periodic extension of z(t) with period Tp.
(t)
B
| | | | !
_ 31N To To 3T,
2 2 2 2

Since z(t) = 0 for [t| > T1/2,

Ti/2
X(w) = / e I9tdt

—Ty/2
efjwt T1/2
X(w)=|—
JW 1 _m 2

X(w) = ;1 (e—ij1/2 _ eij1/2>
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Using e/ — 7% = 25 sin ¥,
_ 2sin(wT1/2)

X(w) "

2Ty +

1 .
F(t)e~Tkwot gy

(d) Using the Fourier series analysis formula,

ap = —
T() T()

Since Z(t) = x(t) within one pulse,
1 T1/2 .
efjkwgtdt

A = —
To J -1, /2

ap = i;l (e—jkon1/2 _ ejkw0T1/2>
TO ]ka

k= T() kwo

Since wg = %,
- sin(wle /To)

ap =
wk

. Q o
Given =

Wi

sin(27k/3)
ak = ———
wk

2k
’

(e) Evaluating the Fourier transform at w = =7
0
2k Ty . T
X|—=—)=— k—=
(TO) W’fsm<ﬂ TO)
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(f) Hence the Fourier series coefficients are scaled samples of the Fourier transform:

1 2k
= —X _—
=T ( Ty )

_ 2sin(wT1/2) sin(27k/3) 1 X(27rk>

X(w) w ) ap = 7Tk' 9 ar =

Problem 2

Determine the Fourier transform of z(t) = e */?u(t) and sketch:

|
£X(w)

Re{X(w)}
Im{ X (w)}

Solution: Given z(t) = 67t/2u(t):
X(w) = /Oo e~ t/2e—dwt gy — /OO o~ (1/2+jw)t gy — 1 _ 2
0 0 1/2+jw 1+ j2w

Writing in terms of real and imaginary parts:
2 1—72w  2(1-—j2w) 2 . 4w
X(W) = - ' - = > = 2 J 2
1452w 1— 372w 144w 144w 144w

Thus:
2

V1+ 4w?’
2 4w
14 4w?’ m{X(w)} 1+ 4w?

| X (w)] = ZX(w) = —tan™!(2w)

Re{X(w)}

(a) Magnitude

11X ()|

[ .
IL
(I

\
3
=
O
l
I
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(c) Real part

TRe{X (w)}

w
(d) Imaginary part
Tim{X (w)}
1. 1 w
S|
2 2
-1 -+
2
XW) =55,
Problem 3 (a)

By considering the Fourier analysis equation or synthesis equation, show the validity in gen-
eral of each of the following statements:

(i) If x(¢) is real-valued, then X (w) = X*(—w).
(ii) If z(t) = 2*(—t), then X (w) is real-valued.
(b) Using the statements in part (a), show the validity of each of the following statements:

(i) If z(t) is real and even, then X (w) is real and even.
(ii) If (t) is real and odd, then X (w) is imaginary and odd.

Solution:

(a) (i) X(w) = ffooo z(t)e Iwtdt
Taking complex conjugate:

Since x(t) is real, *(t) = z(t):
X*(w) = [ o(t)eitdt

Therefore: -
X*(—w) = / 2(t)e—tdt = X ()

(i) z(t) = &= [T X (w)e?“tdw
Taking complex conjugate:

1 [ ;
x*(t) = %/ X*(w)e 1t dw
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Replacing t with —t:
1 [ ;
x*(—t) = = /_Oo X*(w)ed“ dw

Given z(t) = x*(—t):
1 o0 oo

_ 1 _
— X (w)e'tdw = — X*(w)e?tdw
2 J_ o 2r J_ o

This implies X (w) = X*(w), so X (w) is real.
(b) (1) «(t) real: X(w) = X*(—w) x(t) even: x(t) = x(—t), and since real, z(t) = z*(—t) From (a)(ii),
X(w) is real. Then X (w) = X*(—w) = X(—w), so X (w) is even.

)
(ii) x(¢t) real: X(w) = X*(—w) x(t) odd: x(t) = —x(—t), and since real, z(t) = —z*(—t) Following
similar analysis as (a)(il) but with negative sign, X (w) must be imaginary. Then X(w) =
X*(—w) = =X (—w), so X(w) is odd.

‘Properties proven as above‘

Problem 4
The output of a causal LTI system is related to the input z(t) by the differential equation:
dy(t)
=+ 2 t
o T2t =2()

(a) Determine the frequency response H(w) = Y (w)/X (w) and sketch the phase and magnitude
of H(w).

(b) If z(t) = e~tu(t), determine Y (w), the Fourier transform of the output.
(c¢) Find y(t) for the input given in part (b).

Solution:
(a) Taking Fourier transform of the differential equation:
jwY (w) +2Y (w) = X (w)
Y(w)[2+ jw] = X(w)

_Y(w) 1
HW) = %@ = 74w
1 e
|H(w)|:\/ﬁ, /ZH(w) = —tan (5)

Magnitude Response

|H (w)]
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Phase Response

7T/2 7r4H(w)

—r/2

1

Y(w) = Hw)X(w) = 2+ jw) (1 + jw)

(¢) Using partial fractions:
1 1 1

C+i0)l+jw) 1+jw 2+ jw

Taking inverse Fourier transform:

1 1
= ) Yw = 5 o )
2+ jw @) 2+ jw)(1 + jw)

H(w)

Problem 5

Compute the Fourier transform of each of the following signals:

(a) [e™ coswopt]u(t), a >0

(b) e8It sin 2t

(C) sirTlr Zrt X sinﬂim&

Solution:

(a) z(t) = e cos(wot)u(t) = e~ *u(t) - cos(wot)
Fletu(t)} = b
F{cos(wot)} = m[d(w — wo) + d(w + wp)]

Using multiplication in time = convolution in frequency (scaled by 1/(27)):

X(w) = > [a+1jw

o *W(é(wwo)+5(w+wo))]

X(w)Z% {a+j(i_w()) +a+j(olJ+w0)}

(b) z(t) = eI sin 2t
f{673\t|} = 9-&-6w2
Fisin2t} = Z[0(w — 2) — 6(w + 2)]

Using multiplication property:

X(w) = % |:9fw2 *.(5(6&1—2)—5(“"‘2))}
3 1 1
X(w)j[9+(w—2)2 9—1—(w+2)2]



__ sinwt | sin 27t
(C) .’t(t) _ 51;:- . blI;TtTr

sin 7t t w 17 | | S
f{iﬂt} = rec (72) {O | | >

sin 27t 1? ‘ | .
‘7:{72} _I'GC‘ (TTF) {0 ‘()| >27(

Using multiplication property:

X(w) = %[rect(w/(%r)) ¥ rect(w/ (47))]

The convolution of two rectangles results in a trapezoid:

2 (w+3m), —3r<w<-m
1 —
X(w) = 5-(27), T<w< T
=Br—w), T<w<3m
0, otherwise
1 1 1 |
Xo(w) = =
a(w) 2 [a—i—j(w—wo) a+ j(w+ wo) |
3 1 1
Xp(w) = > .
o) = 3 [9+(w—2)2 9+ (w+2)2

Xc(w) = %rect(w/(?w)) x rect(w/(4m))

Problem 6
Use properties of the Fourier transform to show by induction that the Fourier transform of
tn—l .
z(t) = ———e "u(t), a>0
(1) = Gy ()
is
1
X = -
) (@ + jw)”
Solution: We prove by induction.
Base case: n =1 1 1
t) = —at t , — = i
z(t) = e ult) (w) a+jw  (a+jw)t
Inductive step: Assume true for n:
1 1
T, (t) = e %yt) o X, (w)=——
®) (n—1)! ®) ) (a+ jw)n
Consider n + 1:
Tpi1(t) = ﬁe_“tu(t) _ ! i e u(t) = ia: (t)
T n (n—1)! "
Using the differentiation in frequency property: F{tz,(t)} = j-= X, (w)
Therefore: ) ; . g )
g J
ne1(t)f =~ J—Xnlw) == — | 77—
Flon(t)} = 1 igonw) =1 L [ L]
Computing the derivative:
i 1 B —n-j
dw [(a+jw)" | (a+ jw)n+
Thus: . . :
J -n-J
]:{ZL‘ +1( )} - (a+]w)n+1 (a+yw)”+1
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This completes the induction.

Problem 7
In this problem, we explore the definition of the Fourier transform of a periodic signal.
(a) Show that if x3(t) = az1(t) + bxa(t), then X3(w) = aX;(w) + bXs(w).
(b) Verify that

. 1 [ .
elwot — / 218 (w — wo)e?“tdw
27 J_ o

From this observation, argue that the Fourier transform of /0! is 276 (w — wp).

(c) Recall the synthesis equation for the Fourier series:

(e 9]
z(t) = Z ettt

k=—0oc0
By taking the Fourier transform of both sides and using the results to parts (a) and (b),
show that

X(w) = Z 2mapd(w — kwo)

k=—o00

Solution:

(a)
X3(w) = / [az1(t) + bxo(t)]e It dt

—0o0

€9 . €9 .
= a/ z1(t)e 9 dt + b/ zo(t)e 7 dt
—o0 —o0

=aX;(w) + bXs(w)

(b) By the sifting property of the impulse:
= 28 (w — wp)e?“tdw = / 8(w — wp)el“tdw = edwot
Tr — 00 — 00

This is exactly the inverse Fourier transform formula:

1 [ :
x(t) = o [m X (w)e?tdw
with X (w) = 276(w — wp). Therefore, F{e/“ot} = 27§(w — wp).
(¢) Taking Fourier transform of both sides of the Fourier series synthesis equation:
F{z(t)} = f{ Z akejkw"t}
k=—o00

Using linearity from part (a):
o0

X(w) = Z apF{elkwoty

k=—o0

Using result from part (b) with wy replaced by kwq:

X(w) = Z ay - 2m0(w — kwo)

k=—o00

X(w) = Z 2mad(w — kwp)

k=—o00
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X(w) = Z 2mad(w — kwp)

k=—o0

— End of Problem Set —
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