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Question 1 (2 marks)

The duality property of the CTFT states: if

x(t)
F←→ X(jω),

then

X(jt)
F←→ 2π x(−ω).

Prove the duality property.

Solution: Proof:

Start from the inverse CTFT:

x(t) =
1

2π

∫ ∞

−∞
X(jω) ejωt dω

Replace t with −t:

x(−t) = 1

2π

∫ ∞

−∞
X(jω) e−jωt dω

Now swap the variable names t↔ ω (both range over all reals, so the equation remains valid):

x(−ω) = 1

2π

∫ ∞

−∞
X(jt) e−jωt dt

Rearranging:

2π x(−ω) =
∫ ∞

−∞
X(jt) e−jωt dt = F{X(jt)}

The right-hand side is precisely the CTFT analysis equation applied to the signal X(jt). Therefore:

X(jt)
F←→ 2π x(−ω) ■

Question 2 (8 marks)

Consider the signal x(t) = e−a|t| for constant a > 0.

(a) [3 marks] Compute the CTFT X(jω) directly from the analysis equation

X(jω) =

∫ ∞

−∞
x(t) e−jωt dt.

(b) [3 marks] Using the result of part (a) and the duality property proved in Question 1, deter-
mine the CTFT of

g(t) =
1

a2 + t2
.



(c) [2 marks] Using Parseval’s theorem applied to g(t), evaluate the integral

I =

∫ ∞

−∞

1

(a2 + t2)2
dt.

Express your answer in terms of a.

Solution:

Part (a):

Split at t = 0, using |t| = −t for t < 0 and |t| = t for t > 0:

X(jω) =

∫ 0

−∞
eat e−jωt dt+

∫ ∞

0

e−at e−jωt dt =

∫ 0

−∞
e(a−jω)t dt+

∫ ∞

0

e−(a+jω)t dt

Both integrals converge since a > 0:

=
1

a− jω
+

1

a+ jω
=

(a+ jω) + (a− jω)

a2 + ω2

X(jω) =
2a

a2 + ω2

Part (b):

We have e−a|t| F←→ 2a

a2 + ω2
.

By duality, X(jt)
F←→ 2π x(−ω).

Here X(jt) =
2a

a2 + t2
= 2a · g(t), and x(−ω) = e−a|−ω| = e−a|ω|.

Applying duality:

F
{

2a

a2 + t2

}
= 2π e−a|ω|

Dividing both sides by 2a:

G(jω) = F
{

1

a2 + t2

}
=

π

a
e−a|ω|

Part (c):

Parseval’s theorem states

∫ ∞

−∞
|g(t)|2 dt = 1

2π

∫ ∞

−∞
|G(jω)|2 dω.

Left side: ∫ ∞

−∞

1

(a2 + t2)2
dt = I

Right side:
1

2π

∫ ∞

−∞

(π
a

)2

e−2a|ω| dω =
π2

2πa2
· 2

∫ ∞

0

e−2aω dω =
π

a2
· 1

2a
=

π

2a3

Therefore:

I =
π

2a3
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