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Probabilistic ML
Concept:

ÅGiven data, the machine learning problem, without loss of generality, is given by 

Å We obtain the model parameters and use these for prediction.

Å This approach gives us a single answer for the model parameters.

Å There is no quantification of uncertainty in the estimate of the parameters.

Å The notion of uncertainty ς constitutes a key element of machine learning methodology.



Probabilistic ML
Examples ς Uncertainty Matters:

Å Uncertainties:

Å Measurement noise in the data

Å Uncertainty in the values of estimated parameters

Å Uncertainty in the structure of the model
Å E.g., polynomial fit or neural network

Probabilistic Machine Learning ς Advanced Topics - Figure 18.23



ÅEpistemic uncertainty is related to the model: both the structure and the parameters  

Linear separator but we have 
uncertainty about the weights

Linear

ÅConsider a linear classification model for 2-dim inputs

ÅClassifier weight will be a 2-dim vector — —ȟ—

ÅIts posterior will be some 2-dim distribution ὴ—ȿ꜠

ÅSampling from this distribution will generate 2-dim vectors

ÅEach vector will correspond to a linear separator (left fig) 

Å¢ƘǳǎΣ ǘƘŜ ǇƻǎǘŜǊƛƻǊ ƛƴ ǘƘƛǎ ŎŀǎŜ ƛǎ ŜǉǳƛǾŀƭŜƴǘ ǘƻ ŀ άŎƻƭƭŜŎǘƛƻƴέ ƻǊ άŜƴǎŜƳōƭŜέ 
of weights, each representing a different linear separator

Not every separator is 
equally important

Importance of separator 

—  is ὴ— ȿ꜠

Probabilistic ML
Uncertainty Types ς Epistemic or Model Uncertainty ς Example:



Probabilistic ML
Uncertainty Types ς Epistemic or Model Uncertainty:

Linear separator but we have 
uncertainty about the weights

Uncertainty about the model 
structure as well

Polynomial

Circular Kernel
Linear

Model uncertainty is usually reducible with the increase in the amount of data.

Probabilistic approach to formulate model 
uncertainty:

Model structure or parameter distribution 
conditioned on data, for example:

!ƭǎƻ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ ΨtƻǎǘŜǊƛƻǊ ŘƛǎǘǊƛōǳǘƛƻƴΩ ŀƴŘ ƛǎ 
hard to compute, in general, but we will look at 
some methods to compute this.



Probabilistic ML
Uncertainty Types ς Aleatoric or Data Uncertainty:

ÅAleatoric uncertainty is related to the data: noisy measurements, overlapping of classes, incorrect labelling, etc.

Aleatoric uncertainty: the 
prediction at the query point is 

uncertain

Data uncertainty is mostly irreducible (even with infinite amount of data). 

  Sometimes reduced by adding more features or using more complex model

Probabilistic approach to formulate data 
uncertainty:

The distribution of data being modeled 
conditioned on model parameters and other 
inputs, for example:

Embedding the data in a 
higher-dimensional space, the 
uncertainty can be resolved



Probabilistic ML ς Overview
Significance of Probabilistic ML ς Generate Data, Adaptive Sampling and OOD Data Detection:



Probabilistic ML ς Overview
Marginalization ς A Key Principle:

ÅConsider a machine learning problem

Å We can use marginalization over all weights of the chosen model to obtain a better and robust prediction

Posterior distribution indicating 
uncertainty in model weights (Epistemic)

Data uncertainty (Aleatoric)



Probabilistic ML ς Overview

ÅHow do we do this in practice?

Marginalization ς A Key Principle:



Probabilistic ML ς Overview
Marginalization ς Connection with Ensemble Averaging:

Å This is very similar to ensemble averaging or ensembling ς a method in which we combine the prediction from different models.

Å For example, training a neural network with different initializations, leading to different weights, and combine the output 
from different models.



Probabilistic ML ς Overview
Marginalization ς A Key Principle ς For Different Model Choices:

ÅWe can also use marginalization for different choices of the models

Probability mass function 
for different model choices.

Marginalization over finite 
model choices.



Main Challenge in Bayesian Inference:

Bayesian Learning Framework



Maximum Likelihood Estimation:

Bayesian Learning Framework



Maximum A Posteriori Estimation:

Bayesian Learning Framework



Approximate Bayesian Inference with Variational Inference:

Bayesian Learning Framework



Approximate Bayesian Inference with Laplace Approximation:

Bayesian Learning Framework



Approximate Bayesian Inference with Sampling Methods:

Bayesian Learning Framework



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:

Å Notebook



Maximum A Posteriori (MAP) Estimation
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Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Coin Toss Problem:

Å Notebook



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Linear Regression:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Linear Regression:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Linear Regression:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Linear Regression:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Linear Regression ς Zero Mean Gaussian Prior:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Logistic Regression:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Logistic Regression ς Zero Mean Gaussian Prior:



Maximum A Posteriori (MAP) Estimation

Å MAP Estimation ς Logistic Regression ς Laplace Prior:



Maximum A Posteriori (MAP) Estimation

Å Linear Regression ς MLE and MAP:



Maximum A Posteriori (MAP) Estimation

Å Linear Regression ς MLE and MAP:



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Maximum A Posteriori (MAP) Estimation



Laplace Approximation ς Big Picture



Taylor Expansion

Å 1D Taylor Expansion:

Å Notebook

Å pml07



Taylor Expansion

Å ND Taylor Expansion:

Å Notebook

Å pml07



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation



Laplace Approximation

Å Coin-Toss Example (Beta-Bernoulli):



Laplace Approximation

Å Coin-Toss Example (Beta-Bernoulli):



Laplace Approximation

Å Coin-Toss Example (Beta-Bernoulli):

Å Notebook

Å pml07



Laplace Approximation

Å Multi -mode Example:



Laplace Approximation

Å Multi -mode Example:



Monte Carlo Sampling

Å Overview:

The Discovery That Transformed Pi

https://www.youtube.com/watch?v=gMlf1ELvRzc 

https://www.youtube.com/watch?v=gMlf1ELvRzc


Monte Carlo Sampling

Å Core Idea:



Monte Carlo Sampling

Å General Formulation:



Monte Carlo Sampling

Å Estimation of Pi:



Monte Carlo Sampling

Å Estimation of Pi:

Å Notebook

Å pml08



Monte Carlo Sampling

Å General Formulation:



Monte Carlo Sampling

Å Bias of Monte Carlo Sampling:



Monte Carlo Sampling

Å Convergence of Monte Carlo Sampling:



Monte Carlo Sampling

Å General Formulation:



Monte Carlo Sampling

Å Use in the Estimation of Posterior Predictive Distribution:



Rejection Sampling

Å Core Idea:



Rejection Sampling

Å Core Idea:



Rejection Sampling

Å Core Idea:



Rejection Sampling

Å Core Idea ς Illustration:



Rejection Sampling

Å Core Idea ς Illustration:
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Å Core Idea ς Illustration:



Rejection Sampling

Å Core Idea ς Illustration:



Rejection Sampling

Å Core Idea ς Illustration:



Rejection Sampling

Å Core Idea ς Illustration:


